IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

The squashed, stretched, and warped gets perturbed

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
JHEP06(2009)019
(http://iopscience.iop.org/1126-6708/2009/06/019)

The Table of Contents and more related content is available

Download details:
IP Address: 80.92.225.132
The article was downloaded on 03/04/2010 at 09:15

Please note that terms and conditions apply.



http://www.iop.org/Terms_&_Conditions
http://iopscience.iop.org/1126-6708/2009/06
http://iopscience.iop.org/1126-6708/2009/06/019/related
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

PUBLISHED BY IOP PUBLISHING FOR SISSA

I

RECEIVED: April 22, 2009
ACCEPTED: May 19, 2009
PUBLISHED: June 5, 2009

The squashed, stretched, and warped gets perturbed

Igor R. Klebanov,*? Silviu S. Pufu® and Fabio D. Rocha®
@ Joseph Henry Laboratories, Princeton University,
Princeton, NJ 08544, U.S.A.

b Princeton Center for Theoretical Science,

Princeton, NJ 08544, U.S.A.
FE-mail: k1lebanov@Princeton.EDU, spufu@Princeton.EDU,
frocha@Princeton.EDU

ABSTRACT: We use direct Kaluza-Klein reduction to calculate the spectrum of spin-2 modes
around a warped product of AdS; and a certain squashed and stretched 7-sphere. The
modes turn out to be polynomials in the four complex variables parameterizing the sphere,
and their complex conjugates. The background, which possesses U(1)g x SU(3) symmetry,
has been conjectured to be dual to a U(N) x U(N) N = 2 superconformal Chern-Simons
theory with a sextic superpotential. We find that the U(1)z x SU(3) quantum numbers of
spin-2 modes are in agreement with those determined in arXiv:0809.3773 through a group
theoretic method, and with the spectrum of spin-2 gauge invariant operators in the Chern-
Simons gauge theory. The mass-squared in AdSy is found to be quadratic in these quantum
numbers and the Kaluza-Klein excitation number. Most of the spin-2 operators belong to
long multiplets, and we determine their dimensions via the AdS/CFT correspondence.
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1 Introduction

Superconformal Chern-Simons gauge theories are good candidates for describing the dy-
namics of coincident M2-branes [1]. Bagger and Lambert [2-4], and Gustavsson [5] suc-
ceeded in constructing the first N’ = 8 supersymmetric classical actions for Chern-Simons
gauge fields coupled to matter. Requiring manifest unitarity restricts the gauge group to
SO(4) [6, 7]; this model may be reformulated as SU(2) x SU(2) gauge theory with conven-
tional Chern-Simons terms having opposite levels k& and —k [8, 9]. For k£ = 2 this model is
believed to describe two M2-branes on the orbifold R®/Zs [10, 11], but for other values of
k its interpretation is less clear. Aharony, Bergman, Jafferis, and Maldacena (ABJM) [12]
proposed that a similar U(N) x U(N) Chern-Simons gauge theory with levels k and —k
arises on the world volume of N M2-branes placed at the singularity of R®/Z;,, where 7,
acts by simultaneous rotation in the four planes. Therefore, the ABJM theory was con-
jectured to be dual to M-theory on AdSy; x S7/Zy. For k > 2 this orbifold preserves only
N = 6 supersymmetry, and so does the ABJM theory [12-14]. The conjectured duality
predicts that for £ = 1,2 the supersymmetry of the gauge theory must be enhanced to
N = 8. An interesting feature of the ABJM theory is the presence of certain “monopole
operators” [15-17]. Their inclusion is expected to play a crucial role both in the enhance-
ment of the supersymmetry and in describing the full spectrum of gauge invariant operators
(see [18-21] for recent discussions of the monopole operators in this context).

As in the well understood examples of AdS5/CFT, duality [22-24], it is interesting to
study Renormalization Group (RG) flows leading to super-conformal theories with lower
supersymmetry. A well-known relevant superpotential deformation of the N' = 4 SYM
theory by a term quadratic in one of the three chiral adjoint superfields leads in the IR to
an N = 1 gauge theory with U(1)g x SU(2) global symmetry and a quartic superpotential.
This gauge theory, as well as the gravity dual of the RG flow, was studied in [25]. Anal-
ogously, it is interesting to consider an N/ = 2 superpotential deformation of the ABJM
theory by a term quadratic in one of the four bi-fundamental superfields [13] (see also [26]).



This superpotential mass term requires the use of certain monopole operators that exist
only at levels k = 1,2 [19]. This relevant deformation leads to the IR theory with a sextic
superpotential, which possesses U(1)g x SU(3) global symmetry. Therefore, it was conjec-
tured [13, 19, 26] that this theory is dual to the U(1)r x SU(3)-invariant extremum [27]
of the N/ = 8 gauged supergravity potential [28]. In [29], this background was uplifted
to a warped product of AdSy and a “squashed and stretched” 7-sphere. Moreover, in [29]
the entire holographic RG flow was constructed from AdS, x S7 to this warped, squashed,
and stretched background of M-theory. The relevant operator generating the RG flow
was shown in [30] to have dimension two, which agrees with the dimension of the fermion
bilinear added to the action of ABJM theory in [13].

One can further check this AdS,/CFTs conjecture by comparing the U(1)r x SU(3)
quantum numbers and the dimensions of gauge-invariant operators in the IR N/ = 2 su-
perconformal Chern-Simons theory [13] with those of supergravity fluctuations around the
background of [27, 29]. In [19], the quantum numbers of all Kaluza-Klein (KK) super-
gravity excitations were computed using group theory methods introduced in [31], without
doing an explicit Kaluza-Klein reduction from 11 to 4 dimensions. However, this method
does not determine the dimensions of operators that belong to long supermultiplets. The
group theory alone gives two alternative ways of assigning U(1)z x SU(3) quantum numbers
consistent with N' = 2 SUSY [31]. The first, called Scenario I in [19], yields agreement
with the gauge theory spectrum, while the second, Scenario I, is in disagreement with the
gauge theory proposal. The two scenarios give distinct mass spectra, so an explicit KK
reduction would tell us which of the two scenarios is correct.

In this paper, we perform an explicit KK analysis of the spin-2 fields in AdSy. In
the 11-dimensional geometry, the equations describing these metric perturbations reduce
to a minimally coupled scalar equation. We find analytic solutions for all the KK modes;
they turn out to be polynomials in the four complex variables parameterizing the squashed
and stretched R®, and their complex conjugates. Quite remarkably, the squared masses in
AdS, for all these modes are quadratic functions of the U(1)g x SU(3) quantum numbers,
as well as of the KK excitation number. These results hold not only for the BPS states, but
also for the non-BPS ones. The spectrum that we find is indeed consistent with Scenario
I, and therefore with the duality proposed in [13, 19].

The rest of the paper is organized as follows. In section 2 we review the 11-dimensional
background found in [29] to be the uplifting of Warner’s U(1)r x SU(3) extremum of
gauged supergravity. In section 3 we solve the minimally coupled scalar equation in this
background and find its spectrum. In section 4 we describe the connection between the
minimally coupled scalar equation and the AdS4 graviton, and we match the quantum
numbers of the operators that we find with those of operators in the Chern-Simons theory
with sextic superpotential. We end with a discussion of our results in section 5.

2 The background geometry

We start by reviewing the 11-dimensional uplift of the supergravity background with global
U(1)r x SU(3) symmetry that was found in [27] as a non-trivial extremum of the N' = 8



gauged supergravity potential. The 11-dimensional geometry is a warped product of AdSy
and an internal manifold, which in this case is a squashed and stretched S” [29]. This
background has a non-zero four-form flux Fy) = dA3) in the S7 directions. As a result,
parity is broken, which can also be seen from the fact that in the corresponding four-
dimensional gauged supergravity background a scalar and a pseudo-scalar acquire VEVs.
We refer the reader to [29] for a derivation of the formulae in this section.
In the conventions of [32], the bosonic field equations are
4) YMNP

1
Rap + Rgap = gF,gMNngl ; dx Fyy = Fyy N\ Flyy, (2.1)

0---

where the Hodge dual is defined with the convention €V = 1. We focus first on the geom-

etry of the S7 part. Following [29], we consider a space diffeomorphic to R® parameterized
by 2!, with I running from 1 to 8, in which the S will be embedded in the standard way.

In this 8-dimensional space, we introduce the Kéahler form
Jig = J3g = Jse = Jrs =1, (2:2)
and the diagonal matrix
Q=diag{p>,p %0 %0 %0 % p % 0% 0%} (2.3)

The metric on the deformed R® is taken to be

sinh y2
£2

ds2(p,x) = gryda’dz’ = deQ;Jlde + (! Jpda”)?, (2.4)
where €2 = 2/Qr 2. Equation (2.4) describes a squashed and stretched R®; the amounts
of squashing and stretching are parameterized by p and yx, respectively. For (p, x) = (1,0)
we obtain the flat metric on R®, which has SO(8) symmetry. For other values of p and ¥,
the SO(8) symmetry group is broken down generically to SU(3) x U(1)2. This can be seen
explicitly through introducing the complex coordinates

=gl fix?, 22 =23 4+ izt 23 =2’ 4 iab, w=z"—iz®. (2.5)

It is straightforward to check that unitary rotations of the 2%, as well as the multiplication
of w by a phase, are isometries of the metric (2.4). This gives us the U(3) x U(1) =
SU(3) x U(1)? isometry group.

We now introduce angular coordinates y* = (p, 0, a1, ag, a3, ¢, 1)) parameterizing the
ST 22 4+ 2212 + |23 + |w|? = 1 inside R8:

2! = cos p1sin  cos <%) e3(a2+as) i(d+e)
22 = cos j4 8in @ sin (%) e_%(a2_a3)ei(¢+¢)

23 = cos i cos 9e’(9HY) (2.6)

w=sinpe V.



In order for the y® to cover the S7 only once, their ranges can be taken as follows:

0<p,6<m/2 0<a;<m
(2.7)
0<as, ¢, <2m =21 < ap < 2m.

Through the embedding (2.6), the 7-sphere inherits the stretching and squashing of the
ambient space R®, so its metric is just the pullback of (2.4):

o ox! 0z”7
ds3(p, x) = gapdy“dy" GoB = 5.2 5,59 (2.8)

The 11-dimensional metric that solves (2.1) (with an appropriately chosen F4) given
below) is then given by!

ds?) = AVds? + 392L2A2ds2(p,x), A= (Ecoshy) 73, (2.9)
where ds? is the AdSy metric
ds? = /L [—(d2")? + (da')? + (d2®)?] + dr?, (2.10)

and p and x are set to

ool

1
p =38, X=3 arccosh 2. (2.11)

Note that the warp factor A depends only on the angular coordinate p and that it does
not break any of the SU(3) x U(1)? isometries of (2.8).

To describe the Fiyy that solves (2.1) together with (2.9), we start by constructing a
3-form C(3) on the S” fiber. In terms of the complex coordinates on R® defined in (2.6),
C(3) can be written as

311/473

_ 1.2 3 g 2 3
C(3)_m [z[ dz? A d2% A dw — wd2t A d2? A d2P| (2.12)

One can then construct the A3) in the 11-dimensional geometry by taking?

3/4
A(g) = 3T63T/Ld$0 Adzt A dz? + C@i) + C(*3) . (2.13)
The 4-form Fiyy appearing in (2.1) is then F4) = dA3). The internal part of F4y can be
written as
311/473
dC(3) + dC{y = 50 T 200 | Wzl d2? A d2% A dw A dio — @Pdzt A d2? A dzP A dw

+(1 4+ ww)dz' Adz? Adz® Adw| + c.c. (2.14)

In (2.8), L is defined as 373/4 times the corresponding quantity appearing in [29]. We prefer this
normalization because the radius of AdSy is now given by L and not 3%/4L.
2This doesn’t fully agree with [29], but we checked that the Maxwell and Einstein equations are satisfied.



Note that F{y) breaks the SU(3) x U(1)? symmetry group of (2.9) to SU(3) x U(1). In
the complex coordinates (2.6) this symmetry group consists of SU(3) rotations of the 2%,

as well as transformations of the type

2 — Zlet? w — we®? (2.15)

with arbitrary . In terms of the y® coordinates, (2.15) corresponds to shift symmetries
of ¢ and 1 that preserve the quantity 3¢ + 4¢. This U(1) should be identified with the
R-symmetry of the dual field theory. In order to agree with the convention used in [19],
we define the R-charge to be given by the Killing vector

4 1, .
Thus, the z* coordinates have R-charge 1/3 [33], while the w coordinate has R-charge 1.

3 Minimally coupled scalar equation

The action for a minimally coupled scalar in the background described in the previous

section is given by
1
5= /dnx N [—5 (a¢)2] , (3.1)
The equation of motion following from this action is
O =0, (3.2)

where [ denotes the 11-dimensional laplacian. Making the separation of variables ansatz
6 =2(z",1)Y (y"), (3.3)

we can write (3.2) as
Y (y*) 04 @ (2", r) + (', 7) LY (y*) = 0, (3.4)

in which [y denotes the AdSy laplacian and L is a differential operator acting on the
squashed and stretched S” given by

A1 3 A—3/4 3
L= ——=0u (Voangii0s) = =00 (47176 0a) (3.5)

Here, g;ﬁ and g, are the metrics (2.8) and (2.9), respectively.
If we now choose Y (y*) to be an eigenfunction of this differential operator, namely

LY (y*) = —m?Y (y*), (3.6)
then (3.4) becomes the equation of motion of a massive scalar field in AdSy,

O4®(r, %) — m?®(r,2') = 0. (3.7)



The 11-dimensional minimally coupled scalar thus gives a tower of 4-dimensional Kaluza-
Klein modes that are all massive AdS, scalars with masses determined by the eigenvalues
of L.

To compute these eigenvalues we should exploit the symmetries of the metric. Let us
first consider the SU(3) piece of the isometry group. In the (2%, w) coordinates defined
in (2.6), the Killing vectors associated to the SU(3) symmetry are simply given by

¢ =150 — (T%) 50, k,1=1,2,3, (3.8)

where T' kl are arbitrary traceless hermitian matrices. A convenient set of linearly inde-
pendent Killing vectors is obtained by taking 7" = A\%/2, where A* with a = 1,...,8 are
the Gell-Mann matrices. In an irreducible representation of SU(3) labeled by the Dynkin
labels [p, q], the quadratic Casimir

8
Cr=) g (3.9)
a=1
has eigenvalues
1, 1, 1
Ca(p,q) = 50" + 30" + 3pa+p+a. (3.10)

In the holomorphic coordinates (z%,w) its eigenfunctions are, up to normalization, just
linear combinations of products between p factors of z* and ¢ factors of Z;, namely

P q

-\ J1j2---Jq i =

Ypg(z,2) = A ig..i <H z > (H Z]l) : (3.11)
k=1 =1

J1j2---Jq

i1i2..0p

its lower indices, symmetric in its upper indices, and satisfies the tracelessness condition

azzji‘j = 0. Since Cy doesn’t act on p or on v, we can multiply the expression (3.11) by

Here, a is a (p, q)-tensor independent of the (z¢,w) coordinates that is symmetric in

any function of w and w.
We will look for eigenmodes of the form?

Y (y®) = Ypq(z, 2)w" H(u), uw=1—ww=cos’pu. (3.12)

The R-charge of this wave-function (3.12) can be read off from the powers of 2%, z;, and w
that appear in this formula if one recalls that (2.16) implies that the 2’ coordinates carry
R-charge 1/3, the z; coordinates carry R-charge —1/3, and that the w coordinate carries
R~charge 1. Therefore,

R=Z(p—a)+n. (3.13)

Using the definition of the quadratic Casimir (3.9) together with the formulae for &*
given in (3.8), one can show that the eigenvalue problem (3.6) reduces to

(1 —wuH"+ (c—(a— +ar + )u)H —a_ayH =0, (3.14)

#0One might think that this ansatz is not general enough since (3.12) can be multiplied by e'™+? with
some integer ny,. However, one can check that if ng # 0 this extra factor either makes the wavefunction
ill-defined at § = 7/2 or turns it into a wavefunction of the form (3.12) that can be obtained from the
[p + ng,q — ng] representation of SU(3).



where primes denote derivatives with respect to u, and

1
ax = 2|9+ 3p+3q +3n, + (81 +18m*L? + 7(p” + ¢%) + 10pg

NI

—6(p — q)n, +24(p +q) — 9n3>

c=3+p+gq.

} (3.15)

This equation is solved by hypergeometric functions. The boundary conditions that enforce
+ nr
regularity of Y (y®) are that "z H(u) is regular at v = 0 and that (1—u)% H(u) is regular
+
at u = 1. The solution for which u"z" H(u) is regular at u = 0 is

H(u) = oF) (a—,a4;c;u) . (3.16)

In order to impose the boundary conditions at u = 1, we start by noting that whena_ = —j,
with j a non-negative integer, the hypergeometric function 9 F} (a—_, a4 ;c;u) reduces to a
polynomial in u of order j. If n, > 0, (1 — u)? H(u) is therefore regular at u = 1. For
n, < 0, if we set a_ = n, — j, with j still a non-negative integer, then H(u) has a zero of
order n, at u =1 and (1 —u) 2 H(u) is once again well-behaved. It is straightforward but
tedious to check that if a_ does not have one of these forms, equation (3.14) doesn’t have
solutions that lead to well-behaved (1 — )% H(u). The KK spectrum of the minimally
coupled scalar is then obtained by setting a_ as given by (3.15) equal to —j if n, > 0 and
to n, — j if n, < 0, and solving for m?. The result can be written compactly in terms of j,
ny, p, and q as

1] . _ 1
m? = 73 232+2J!nr\+n?+2j(p+q+3)+§nr(p—q)

1
+nr| (3 +p+9) + 5 (* +¢* + 4pg + 15p + 15q) | (3.17)

It is interesting that m? is given by such a simple quadratic formula.
Plugging (3.16) into (3.12) and using the appropriate formulae for a4 and ¢ we see that

V() = ales (H ) (H zjl) e
k=1 =1
. {gFl(—j,3+p+q+j+nr;3+p+q;1—wu‘)) if n, >0 (318)

oFi(—j+n,3+p+q+53+p+q¢l—ww) ifn, <O0.

As we remarked, the hypergeometric functions appearing in (3.18) are in fact polynomials

in their last argument. For example,

j=0,n,>0: Y (y®) ~ Ypq(z, 2)w"
e — (e +1) + (4 + 1 +p + Quw

i=1,n,>0: Y (y®) ~ Yoz, 2)w
J r = (y) p(I( ) 3_|_p+q

(3.19)

To obtain the eigenfunctions when n, < 0, one just needs to interchange w and w in (3.19).



4 Spin-2 Kaluza-Klein spectrum

The spectrum of the minimally coupled scalar obtained in the previous section is in fact
the same as that of a graviton polarized in the AdSy directions. Such gravitons correspond
to fluctuations of the metric (2.9),

Imn = Gmn + Nmn (4.1)

with m and n referring to the AdS, coordinates y™ = (2,21, 2%,7). We can choose a

gauge where h,,, = 0, the only remaining non-zero metric fluctuations being h;;, with i
and j running from 0 to 2. In addition to this, we require

R, =0,  9hy=0. (4.2)

(2

The conditions (4.2) can be thought of as projecting out the spin-0 and spin-1 components of
the graviton multiplet. As in the unwarped AdS metrics, the linearized Einstein equations
reduce to the minimally coupled scalar equation for ¢ = A’ f [34, 35]. It immediately follows
that the KK spectrum of the spin-2 component of the graviton multiplet is the same as
that of a massless scalar.

The dimensions of the CFT operators dual to the KK modes (3.18) can be calculated
from the standard AdS/CFT relation

A(A - 3) =m?*L?, (4.3)

where m? is given in (3.17). Note that (4.3) applies both to the scalar and the spin-2 modes
(see, for example, [36]). The R-charge of these operators is given by (3.13). Recall that p
and g appearing in (3.13)—(3.18) are the Dynkin labels of SU(3) irreducible representations
[p, q]; n, is an arbitrary integer, which according to (3.13), is in one-to-one correspondence
with the R-charge for fixed p and ¢; and j is a non-negative integer, the Kaluza-Klein
excitation number.

We would like to compare the spectrum of the minimally coupled scalar to the two sce-
narios in [19]. The only Osp(2|4) supermultiplets with spin-2 components are the massless,
short, and long graviton multiplets, denoted in [19] by MGRAV, SGRAV, and LGRAV,
respectively. For both MGRAV and SGRAV, the supersymmetry shortening conditions
require A = |R| + 3, giving m? = mjpq with

1
Mips = T3l BI(R[+3) . (4.4)

The dimensions of the spin-2 operators in LGRAV satisfy A > Appg, and consequently
m? > mipg.

Let’s denote multiplets belonging to the [p, q] representation of SU(3) which have R-
charge R by [p,q]r. In both scenarios in [19] there is a unique massless graviton multiplet
whose quantum numbers are [0,0]p. In Scenario I, all the short graviton multiplets are
[0,0], and [0,0]_,, with r a positive integer. In Scenario II, there is an infinite number of
short graviton multiplets of the form [0, 0]y, as well as short graviton multiplets with non-
zero p and ¢ such as [1,0]_o/3, [0,1]2/3, [2,0]4/3, [0,2]_4/3, etc. Plugging (3.13) into (4.4)



and comparing to (3.17), one can check that m? > mQBPS with equality only when p =
g = j = 0. The equality case corresponds exactly to operators belonging to [0,0]z with
all integer R. This is in agreement with Scenario I and in disagreement with Scenario II.
The structure of the long graviton multiplets predicted by the R-charge formula (3.13) is
also in agreement with Scenario I and in disagreement with Scenario II; this can be seen
by examining tables 17 through 23 in [19].

We can go further and identify the operators dual to the modes described by (3.18).
Let us discuss these operators schematically, as in [19], in terms of bifundamental matter
superfields Z4 with A ranging from 1 to 4, as well as gauge superfields. We will not be care-
ful with gauge indices, and assume that appropriate insertions of monopole operators make
the resulting expressions gauge invariant. The gauge theory conjectured to be dual to the
U(1)r x SU(3) N = 2 supergravity background examined in this paper is a deformation of
ABJM theory by a superpotential term quadratic in Z4. The gauge theory also has U(1) g x
SU(3) symmetry, where the SU(3) symmetry corresponds to global rotations of Z!, 22, and
Z3 into one another. Under the U(1)p symmetry, the fields Z4 have R-charges given by

1
R(ZY) = R(2*) = R(Z2?) = 3 R(ZY =1. (4.5)
In [19], it was proposed that the gauge theory operators dual to the short graviton multi-
plets [0, 0], with n > 0 are of the schematic form

T ~ T (2 (4.6)

where ’Z;Eg) is the stress-energy superfield
— — — =
T = D(aZaDp 24 +i24 0 0pZ”. (4.7)

The operator ’];Eg) is dual to the massless graviton multiplet [0,0]yp and is conserved. The
form (4.6) is only schematic because in order to properly define gauge invariant operators
of this form one needs to include Dirac monopole operators: see [19]. As mentioned above,
short multiplets have p = ¢ = j = 0. From (3.13), (3.18), and (3.19) we can see that the
spin-2 components of these multiplets have

Y(y*) =uw", (4.8)

for R-charge r > 0.

It is then natural to identify (up to normalization) the Z4 fields, where A = 1,2, 3,
with the holomorphic coordinates 2, and Z* with w. From (3.18), one can then read off
the operators corresponding to each of the KK modes. In table 1 we list a few of these

modes, and we give a schematic form of the dual gauge theory operators.

5 Discussion

In this paper we performed a KK reduction for spin-2 excitations around a warped M-theory
background which was conjectured in [13, 19] to be dual to an N' = 2 deformation of ABJM



p,q|r il ng A m?L? Operator

* [0, 0] 0 o 3 7.

*[0,0]41 0 =+1 4 4 1702, 102,
0,11, [1,0]1)0] 0 [} (9+VT5)| ¥ 1024, 79 24

* [0, 0] 12 0 +2 5 10 70 (22, 7.9 (24)?

[0, 0] 1 0 [L@E+vaD)| 8 7;1(? (1—4a224Z,)

0,1] s, [1,0] 0| =1, 1|4 (9+V337)| & T\ 2424, 7)) 242"
0,1]2, [1,0]_2|0| =1, 1|4 (9+V3I3)| ¥ 192424, 1) 242,
0,2]_2, 2,020 0 |4 (9+V217)| ¥ T 21 2p), T 24 2P
1,1] ol 0 4 4 1) (2425 - 1042 2c)
[0,0] 14 1| +1 | 13+65) | 14 7)) (2 - 5a’212,) 24 c.c.

* [0, 0] 43 0 =+3 6 18 7.0 (24, 1) (24)°
[1,0]_5.[0,1]5 (0| =2, +2| §(9 + V553) | 1§ 7024 (2,)%, 7.9 24 (24)°
(1,0, 00,11 [1] 0| §(9+/505) | 1 7024 (1-50°2,2%) ,c.c

0 2 0) 5 S\ 2
[1,0]2,(0,1)_z [0] 2,~2 | §(9+ VGOT) | 13 7024 (24 1) 24 (24)
[1,1]41 0 =+1 5 10 | 79 (2425 - L642920) 24 c.c.
[2,0]_1,[0,2]5 |0] =1,1 | 4(9+ v409) | % 1024 2P 2, 1)) 2, 2 2"
[2,05,[0,2]_5 |0 1,1 | $(9+ V457) | & 17024z 2 170 2 425 2,
2101, (L2 1[0 0 [LO+VETE)| ¥ |7 (2<AZB> 15<A 2"2P2p) e
3,011,00,3]-1 [0| 0 |13+Vv33)| 6 1) 212820, T() ZaZpZ0)

Table 1. The first few spin-2 components of the graviton multiplets. For each multiplet, we
give the Dynkin labels [p, q], the R-charge R, the values of j and n,., the dimension A of the spin-2
component of the multiplet, the mass m2?L? of the dual AdS, field, and a schematic form of the dual
CFT operator. The dimension A can be computed from m?L? as the larger root of equation (4.3).
The operators marked with “x” are BPS.

theory with U(1)z x SU(3) symmetry. This background is a warped product between AdS,
and a squashed and stretched S7 [29]. The spectrum of spin-2 excitations was found by solv-
ing the equations of motion for a minimally coupled scalar in this background. Our main
results are equations (3.17) and (3.18) that give the AdSs masses of the KK modes and their
wavefunctions on the internal manifold. It is remarkable that the squared masses of these
modes are given by a simple quadratic function of all the quantum numbers, namely the
Dynkin labels [p, g] of SU(3) representations, a U(1) excitation number n, related to the R-
charge through (3.13), and the KK excitation number j. In [19], group theory methods were
used to constrain the spectrum of supergravity fluctuations of the same background. The
spectrum that we found agrees with Scenario I and rules out Scenario 11, in agreement with
the proposal of [19]. Using the AdS/CFT duality, we computed the dimensions of the dual
operators in the boundary CFT. We proposed a schematic form of these operators in table 1.

An intriguing feature of the spectrum we obtained is the presence of modes with
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integer dimension A that do not belong to BPS multiplets. For instance, the modes with
quantum numbers [1, 1], and j = 0, with  an integer, have R-charge R = r and dimension
A = |R| 4 4, which is strictly greater than the corresponding BPS value |R| 4 3. The first
three modes in this tower, [1,1]p and [1,1]11, appear in table 1. The dual gauge theory
operators corresponding to the spin-2 components of [1, 1], are of the schematic form

_ 1 _
Top <ZAZB — gagzczc> (z*)" for r >0
) (5.1)
Tos (ZAZB - gag‘ZCZ(;) (2" forr <0,

where Z4 are the spin-0 components of the Z4 superfields we used in the previous section.
In the rest of this discussion let’s focus on the r > 0 case, the r < 0 case being entirely
analogous. We recognize that the operators in (5.1) are products of two BPS protected
operators: the spin-2 component of the short graviton multiplets [0, 0], (see (4.6))

1) = Top(2%) (5.2)

with dimension A = |R| 4 3, and a scalar operator
_ 1 _
ZAZp — g(sngzc (5.3)

with dimension A = 1 belonging to the massless vector multiplet. (Recall from [19] that
the massless vector multiplet is dual to a conserved vector superfield J AO B Whose spin-1
component is

IO =259, 2% - %5;‘205’“20. (5.4)
Being a conserved current, J fg_;A has protected dimension A = 2.) The dimensions A =
|R| 4+ 4 of the operators (5.1) can therefore be correctly computed by naively adding the
dimensions of the BPS operators (5.2) and (5.3). We do not know of any mechanisms that
protect the dimensions of the operators (5.1). It is worth noting that the [1, 1], modes
are not the only ones producing integers dimensions: there are infinitely many other such
towers of long multiplets. For instance, the modes [3, 6], and [6,3]_, with integer r > —1
and j = 0 have A = |R| + 8; as another example, the modes [4,10], and [10,4],, with
integer r > —2 and j = 0 have dimensions A = |R|+ 11. In addition, there are many other
long multiplets with integer dimensions that do not belong to any such towers.

The existence of many towers of long multiplets with rational dimensions in the KK
spectrum has been noted for other M-theory and string theory backgrounds. This feature
was pointed out for AdSs x TH! in [37, 38], for both AdS; x QVb! and AdSy x ML
n [39], for AdSy x V59 in [40], and for AdSy x N%'0 in [41]. For AdS,; x Qb and
AdSy x MUY the operators dual to the long rational gravitons are products of the stress
tensor, a conserved current, and a chiral operator [39, 42]. More generally, it was shown
in [43] that the KK spectrum of all M-theory backgrounds of the form AdSy x X7, where
X7 is a homogeneous space with Killing spinors, includes long multiplets with rational
dimensions that appear as “shadows” of BPS-protected multiplets. In the terminology
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of [43], long graviton multiplets of a form analogous to (5.1) are shadows of short vector
multiplets. The reason behind the shadowing mechanism is that the same harmonics on
X7 appear in the KK expansion of two or more fields belonging to different multiplets. The
AdS, masses of these fields are related algebraically because they can each be expressed in
terms of the eigenvalues of the same X7 harmonics. There is no known interpretation of the
shadowing mechanism in dual gauge theory language; nor is it known whether it survives
the departure from the strong coupling limit, corresponding to including the string sigma
model corrections.

It would be interesting to extend the analysis done in this paper to KK excitations of
different AdSy spin. This would permit further checks of Scenario I of [19] and would per-
haps elucidate the form of the gauge theory operators dual to these lower-spin excitations.
Our analysis was made easier by the fact that there was only one spin-2 excitation (given
by certain perturbations of the metric with both indices in the AdSy directions) that de-
coupled from all other perturbations. For lower spins, there are several distinct excitations
corresponding to each spin, and one faces the additional challenge of finding the form of
the perturbations that decouple. This is made harder by the relatively small amount of
symmetry in this background, and by the fairly involved expressions for the background
metric and 3-form.
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